INTRODUCTION
One of the most central problems of modern combinatorial theory is the determination of those parameter triples (v, k, X) for which there exist (0, k, h)-BIBD's (balanced incomplete block designs). The methods which have been put forth to construct BIBD's divide roughly into two classes: direct constructions where a BIBD is obtained from an algebraic structure (often a design is constructed from its automorphism group), and recursive or composition methods where a BIBD is built up by purely combinatorial means from another design or an assortment of "smaller" designs (see [6] ). It is the second class with which we deal here.
One of the first instances of a composition theorem was presented by E. H. Moore [l l] in 1893 in connection with Steiner triple systems, i.e., (0, 3, I)-BIBD's. Several methods were expounded by Bose and Shrikhande [l] and composition techniques were instrumental in their remarkable work (with E. T. Parker) on orthogonal Latin squares [2, 31. Significant contributions have been made by H. Hanani [7, 8, lo] in his work on BIBD's with k = 3,4, 5 and composition methods are used by Ray-Chaudhuri and Wilson [12] in connection with Kirkman designs. An attempt is made here to unify some of these various constructions and to present them in a more general, common setting. The general theorems presented here will be illustrated by examples and will be applied in the second part of this article, "An Existence Theory for Pairwise Balanced Designs, II. The Structure of PBD-Closed Sets and the Existence Conjectures" [15] , to a conjecture on the existence of BIBD's [6, p. 2381. For simplicity of exposition, we consider only designs with X = 1. We remark only that many of the concepts and methods are relevant to the case h > 1. A great deal of insight can be gained by considering pairwise balanced designs with more than one block size and by the study of what we shall call morphisms of designs. (The author has noticed that these coincide with the maps between combinatorial geometries considered by Crapo and Rota [5] . We shall refer to [5] again later.) Other concepts of importance are group divisible designs, flats, and subdesigns. We consider these not only for their use in constructions, but also for their own interest.
PAIRWISE BALANCED DESIGNS
Let X be a finite set (of points) and let 9 = (Bi ! i E Z) be a family of (not necessarily distinct) subsets Bi (called blocks) of X. For our purposes here we shall always assume 1 Bi 1 > 2 for each i E Z (where for any finite set S, j S / denotes the cardinality of S). The pair (X, 9) is then called a design.
Let v be a non-negative integer, h a positive integer, and K a set of positive integers. A design (X, 3') where 9 = (Bi / i E Z) is a (v, K, X)-PBD (pairwise balanced design) iff (8 I X I = 4 (ii) / Bi / E K, for every i E Z, (iii) every pairset {x, y} C X is contained in precisely X blocks Bi , More precisely, condition (iii) requires that, for any pair x, y of distinct points, the number of indices i E Z for which {x, y} C Bi is h. A design satisfying (iii) is said to be pairwise balanced with index of pairwise balance X. A design satisfying condition (ii) is said to have block sizes from K and a design with ( X / = P is of order LI.
If K consists of a single positive integer k, then a (v, {k), X)-PBD is known as a (v, k, h)-BIBD. Following Hanani [7] , we let B[K; h] denote the set of positive integers v for which there exists a (0, K, A)-PBD and write simply B[k; A] for B[(k}; /\I. Note that, although we admit the existence of a (0, K, ;2)-PBD, namely ( ;J , a) where ~3 is the empty family, we have excluded 0 from the set B[K; X]. Since we have insisted that all blocks of a design have size at least 2, it is irrelevent whether or not 1 E K as far as the sets B [K, h] are concerned.
When the symbol PBD is used with no reference to the index of pairwise balance, we shall always mean PBD with index h = 1. If (X, 9) is a PBD (X = I), then clearly no block may occur more than once in the family 9, i.e., 9 is a class (set) of blocks. We condense our notation and write
For any set K of positive integers, ((01, a) is a (1, K, I)-PBD, and for k E K, k > 2, (Ik, {z}) is a (k, K, l)-PBD, where Zk = (1, 2,..., k} is here, as it will be throughout this article, a convenient set of k elements. Thus 1 E B [K] and k E B [K] . So, for any set K,
Remark. If (X, g ) is a PBD then, except for the degenerate cases above, a is a 2-partition of Xin the sense of Crapo and Rota [5] . As in [5] , this notion is equivalent to that of a rank 3 combinatorial geometry. The PBD's ( a, a), ((8}, 13 ) , and (II,, {Zh}), k > 2, correspond to rank 0, 1, and 2 combinatorial geometries, respectively. Thus this article deals with combinatorial geometries of rank < 3. But we warn the reader that our terminology differs from that of the above-mentioned authors.
When there is no danger of confusion, we refer to a design (X, 9') simply as X and write X = (X, 9). It is to be understood that we have a particular family 9 of blocks in mind, and, in counting blocks, each is to be counted with a multiplicity equal to the number of times it occurs in 9.
Let X be a (a, k, h)-BIBD, 2) > 0. It is well known [6] that every point x E X is contained in precisely r blocks of X (r is the replication number of X), and that the total number of blocks is 6, where r(k -1) = h(z~ ~ 1) and bk(k -1) = Xv(v ~ 1). Since r and b are necessarily integers, necessary conditions for the existence of a (0, k, h)-BIBD are and h(v -1) EC 0 (mod k -1)
hv(v -1) = 0 (mod k(k -1)).
The conditions (2) and (3) are not in general sufficient, but we mention here the following conjecture, the original proposer of which seems to be unknown (see [6, p. 2381) :
Given k and A, there exists a constant C = C(k, h) such that v E B [k; A] for every integer v > C satisfying the congruences (2) and (3) .
As was mentioned in the introduction, this conjecture and a similar one for the sets B[K; h] is the subject of [15] . The conjecture is shown to be valid, for example, whenever k is a prime power. We defer a more detailed discussion of what is known and to be proved until then.
For k = 6, X = 1, the conditions (2) and (3) reduce to v = 1, 6, 16, or 21 (mod 30) . We shall illustrate some of our methods in this case. In the author's paper [14] , it was shown by direct construction methods that v E B [6] for v = 31, 151, 181, 211, 241, 271, 331, 361, 421, 541, 571, 601, 631, 661, 691, 751, 811, 961, 991, 1021, 1051, 1171, 1201, 1231, 1291, 1321,1381,1471,1531,1621,1741,1801,1831,1861, 1951,2791,2851,3061 . In a personal communication to D. K. Ray-Chaudhuri, H. Hanani has exhibited a (126, 6, I)-BIBD.* This list will be considerably increased in the remaining sections. Unfortunately, however, no value of v E B [6] with zl -= 16 or 21 (mod 30) is known to this author.
CLOSURE OPERATIONS AND FLATS
Closure operations seem to arise naturally in the study of pairwise balanced designs. Since the concept occurs in more than one instance, it is advantageous to make several remarks at this time. By a closure operation on the subsets A of a set X, we mean a map A I+ 2 from the class 9(X) of all subsets of X into Y(X) satisfying
implies 2 C B (isotone).
A subset A C X is said to be closed (with respect to a given closure operation) iff A is equal to its closure .4.
Remark. Assuming (i), it suffices to have A L A in order to establish (ii). Evidently, a subset A is closed iff 2 C A.
3.1. PROPOSLTION. Let a closure operation on the subsets of X be given. Then X is closed. If {Fi I i E I} is a class of closed sets, then F = nie, F, is also a closed set.
Proof. x is a subset of X which by (i) contains X. Hence X = X. For each i E I, we have F C Fi and hence F C Fi = Fi . It follows that F C F, whence F is closed.
Other properties that follow easily from the definition are AUB = Am, and the closure A of a set A is the intersection of all closed sets which contain A.
3.2. PROPOSITION. Let 9 be a class of subsets of a set X which is closed under intersection and with X E 9. Then mapping a subset A C X onto the intersection of all members of Y-which contain A is a closure operation with 9 as its class of closed sets.
Proof omitted.
* Note added in proof R. C. Bose has proved that (4" + 1, (I + 1, I)-BIBD's exist whenever q is a prime power [16] . Now let X be a PBD. AfIat of Xis a subset F _C X with the property that for any pairset {x, y} C F, F contains completely the unique block B of X with {x, y} 2 B.
PROPOSITION.
The intersection qf any class (Fi / i E Z} offats of a PBD X is again a Jlat of X.
Proof. If {x, y} C F = &, Fi , then each flat Fi must contain the block B of X with {x, y} C B. Hence their intersection F also contains B.
Thus in view of Proposition 3.2, there is a closure operation associated with the flats of a PBD. We say that a subset U of a PBD X is open iff its complement X-U is a flat. As a corollary to 3.3, the union of any class of open subsets of X is again open in X.
Vacuously, fl is a flat of any PBD X and every singleton (xl, x E X, is a flat of X. Also, every block B of X is a flat; Xitself is a flat. In general, there may be more flats. PBD's having flats are useful as "ingredients" in composition theorems (cf. Theorems 9.1, 11.6) and the PBD's so constructed contain various flats.
If X = (X, 0~') is a PBD and S is any subset of X, then it is easily verified that (S, @ 1 S) is a PBD where Cl 1 S is the restriction of the class CZ to S, @ / S ZE {A n S: A E U, 1 A n S 1 2 2). Thus we may view S as a PBD in its own right. If T C S C X, then one can check (Q? I S) I T = Gl! I T.
3.4. PROPOSITION. Let X = (X, @) be a PBD and F _C X. Then F is a flatofXifl@~F={AEGEACF)z~fl~FF_C.
Proof omitted.
A PBD (Y, g' ) is a sub-PBD of (X, a) iff Y C X and 8 C a. Proposition 3.4 asserts that for F C X, the PBD F is a sub-PBD of X iff F is a flat. An immediate consequence of 3.4 is 3.5 PROPOSITION. Zf X is a PBD with block sizes from K and X has a jlat of order u > 0, then u E B [K] . (The order of a Jrat is its cardinality.)
An interesting observation concerning sub-PBD's is that they can be unplugged and replaced. Let E and F be flats of a (u, k, I)-BIBD X with E e F. Then
Proof. Select a point x,, E E -F. For each point x E F -E, let B, be the block of X which contains {x, , x}. As in the proof of 4.1, the / F / -1 E n F I sets B, -{x0}, x E F -E, are disjoint and each contains k -1 points. Moreover, for each x E F -E, (B, -{x,,}) n E = 0. For, if this set contained some point y, then B, would contain the two points x0, y of the flat E and hence would be contained in E, contradicting x $ E. Thus the set E u lJzEF--E (B, -{x,,)) contains points and this number cannot exceed 21. The stated inequality follows.
Remark. Actually, 4.1 follows from 4.2 by taking E to be any point outside F.
COROLLARY.
Any two distinct blocks of a (k(k -1) + I, k, I)-BIBD interest in a point.
Proof. Two distinct blocks cannot intersect in more than one point, but 4.2 asserts that I A n B 1 > 1, for blocks A, B.
To illustrate Propositions 4.1 and 4.2, we can prove that any two distinct flats E, F of order 9 in a (21, 3, I)-BIBD X must intersect in a block, i.e., E n F must be a flat of order 3. Now E fi F is a proper flat of theBIBDF,so4.1 asserts9>2lEnFl+l.By4.2, IEnFI23. Thus / En F 1 = 3 or 4. But by 3.5, I E n F / E B [3] . Since 4 does not satisfy the necessary condition (2) of Section 2, 4 +Z B [3] and hence 1 E n F 1 = 3. Similarly, one can show that a (19, 3, 1)-BIBD cannot have two distinct flats of order 9.
The case of equality in Proposition 4.1 may in fact occur (see the Corollary to Theorem 9.1).
CLOSED SETS
The following is perhaps the simplest composition theorem. Remark. Each block B E 2 of the PBD (1, g') is a flat of the constructed PBD (X, 02). Indeed, if F is a flat of (X, .g), then F is also a flat of (X, n>.
THEOREM (Breaking up Blocks
We say that a set K is PBD-closed (or simply a closed set
is a closed set. The set of all positive integers is closed by 3.1; indeed, it coincides with B [2] . Clearly, the set (11 u {v / u 3 M} (M is some constant) is closed. From 3.1, it follows that (1) u {v E K / v 2 M) is closed for any closed set K. The remark following 5.1 leads to the conclusion that, in the symbol FJu], we may replace K by its closure, i.e., FK[zl] = FBcKl [u] .
Since 31 E B [6] , by formal manipulation we have B[31] C B[B [6] = B [6] , using the isotone and idempotent properties of B. More generally, if
The terminology of closed sets introduced above is useful in that many composition theorems can be stated using this and similar language. The 582a/13/2-6 study of closed sets is taken in [15] as a basis for dealing with the existence conjectures. That this is relevant to the case of X > 1 is shown by
PROPOSITION. B[K;
A] is a closed set.
Proof.
Given 
GROUP DIVISIBLE DESIGNS
A parallel class of blocks of a PBD (X, a) is a subclass CY1 C 6Y such that each point x E X is contained in precisely one block of G& , i.e., G& is a partition of X. A parallel class al is uniform if all blocks of a1 have the same size. Of course, every parallel class of a BIBD is uniform. A clear set of blocks of a PBD (X, a) is a subclass a1 C GY such that no point x E X occurs in more than one block of U1 , i.e., the blocks of OZ1 are disjoint. This concept was introduced by Bose and Shrikhande.
Loosely speaking, by a GDD (group divisible design) we mean a PBD with a distinguished parallel class or clear set of blocks. More precisely, a GDD is to be a triple (X, 9, 02) where X is a set, 9 is a class of non-empty subsets of X which partition X (the members of 9 will be called groups), 6Y is a class of subsets (blocks) each of size at least two, and such that every pair X, y of points is either contained in a unique group or a unique block, but not both. With every GDD X = (X, 9, a) we can canonically associate the PBD X = (X, 3' u GQ where 3' = {G E 9 / / G / 3 2}, and 9' is a clear set of blocks of this PBD. Conversely, if G& is a clear set of blocks of the PBD (X, a), then (X, 9?, 67 -6Q is a GDD where 9 = 6 u c4 I x I uaea, 4.
A GDD will be called uniform iff all groups have the same size. If the PBD (X, 02) has a uniform parallel class G& , then (X, a1 , 6Y -&) is a uniform GDD and for any PBD (X, QZ), (X, x,02) is a uniform GDD where 8 is the class of all singletons {{x} / x E X}. For sets K and J of positive integers, G,[.Z] will denote the set of positive integers z, for which there exists a GDD X with order I X / = v, group sizes from J, and block sizes from K. NG [m, K] will denote the set of positive integers n for which there exists a uniform GDD with n groups of size m (hence order mn) and block sizes from k. (NG stands for "number of groups.") Remark.
By breaking up blocks, one can show G,[J] = GsrKl [J] . By a flat of a GDD X we mean a flat of the canonically associated PBD X. A transverse flat F of a GDD X is one which meets each group of X in at most one point; a lateral flat is one which is the union of groups. Every group is a lateral flat, every block is a transverse flat. If all groups have size one, then every flat is both lateral and transverse. Remark.
If F is a lateral (transverse) flat of (X, 9, GZ), then F is also a lateral (transverse) flat of the constructed GDD (X, Z, S?).
Particularly important and useful GDD's are those with block size k and k groups of size m for some integers k, m. Such a GDD will be denoted by GD(k, m). Thus there exists a GD(k, m) iff k E NG[m, {k)] iff km E GIN;} [ml. A transversal of a GDD is a flat which meets every group in precisely one point. Thus every transversal is a transverse flat. In a GD(k, m), every block is a transversal.
6.2. PROPOSITION. Let X be a GDD with k > 2 groups in which every block is a transversal. Then X is uniform, i.e., X is a GD(k, m) for some m.
Proof.
Every block has size k and it remains only to show that all groups are of the same size. Let G, , G, be two groups of X. Since there are more than two groups, there is a point x,, E X -(G, u G,). To each point y E G1 , there is a unique block B of X containing {x, , y} and B intersects G, in precisely one point, say v(y). Because of the pairwise balance, the map v: G1 --f Gz so defined is bijective and hence I G, 1 = I G, /. This holds for any two groups and the proposition is established.
The value of GD(k, m)'s to us stems not only from their convenient dimensions, but also because much is known, relatively speaking, about their existence. The existence of a GD(k, m) is equivalent to the existence WILSON of an (m2, k, m, 2) orthogonal array which in turn is equivalent to the existence of k -2 mutually orthogonal Latin squares of order m [2, p. 205, Lemma 61 . Let us denote by OA[k] the set of positive integers m for which there exists a GD(k, m). If (X, {G, , G, ,. .., G,}, a) is a GD(k + 1, m), k 2 2, then (X -G, , {G, ,..., Gk}, G;! I (X -G,)) is a GD(k, m), so that OA[k + l] C OA [k] . A well-known result due to MacNeish (see [6] [3] is that oa(4) = 6. Hanani [9] has proved that oa(7) < 62, or equivalently, 6.4. LEMMA. If m > 62, then there exists a GD(7, m), and hence GD(k, m)'s for k < 7.
Remark.
Let us say that the GD(k, m) (X, 9, GZ) is transitive iff there exists a parallel class of blocks aI _C a, and let OAT[k] denote the set of m > 0 for which there exists a transitive GD(k, m). Contained implicitly in [3] is the theorem: OAT[k] is a closed set. Another result of [3] To each point 8 of a PBD X we can canonically associate a GDD X0 in the following manner. Let A, , A, ,..., A, be the blocks of X which contain the point 8. Because of the pairwise balance, the sets A, -{e}, AZ -(Q,..., A, -(8) partition X - (8) and, if QZI denotes the set of blocks of X which FIGURE 2 do not contain 0, then we set X, = (X -(e}, (A, -{e},..., A, -(0>}, m). This GDD X0 will be called the dispersion of X at 0 to suggest that the blocks through 0 are being separated and distinguished. (Fig. 2 is sug Remark. Let F be a flat of a PBD X and 0 E X. As in [13] , it is easily verified that, if f7 $ F, then F is a transverse flat of the GDD X, and, if 0 E F, then F-(O) is a lateral flat of X, . These concepts simplify the proofs of 4.1 and 4.2. For dispersing at a point 8 $ F of a flat of a (u, k, l)-BIBD X results in a transverse flat F of the GDD X, with r = (v -l)/(k -1) groups and hence j F / < r, re-proving 4.1.
By a Zist we mean a collection of objects in which each object occurs with a certain non-negative multiplicity.
We use the parentheses in (ai 1 i E I) to denote the list of a,'s (I is some indexing set). This list is to be considered equal to the set {ai 1 i E Z} iff a, # aj for i # j. Each a is to be counted in the list (ai 1 iEI) with a multiplicity equal to the number of indices i E I such that a = ai . (We have used the word family for lists of subsets of a given set.) By the group type of a GDD (X, 9, a) we mean the list (1 G 1 / G E 9) of group sizes. If X is a uniform GDD having e groups of size m, then its group type is the list consisting of m counted e times, which we denote by e{m}. More generally, if a GDD has ei groups of size m, , 1 < i < n, then we denote its group type by el(ml> + eXm3 + ... + e,tm,).
MORPHISMS
A partial map f : S + T from a set S into a set T is a pair (S, , f) where S, C S and f0 : S, ---f T is a usual set map. The set S -S,, is the kernel off and we say that f is not defined at points x ES -S,, . The cardinality 1 S -S,, 1 of the kernel is the dejiciency of the partial map f and f is entire if its deficiency is 0. By way of convention, we write for sets A C S, B _C T. With this convention, f(x) = @ for x E S -S, (more precisely,f({x}) = 13) andf-l(a) is the kernel S -S, . Iff: S --j T is a partial map and S, C S, then f 1 S, is the partial mapf / S, : S, + T with kernel S, -(S, n S,,) and (f / S,)(x) = f(x) for x E S, f? S,, . Given partial maps f : S + T and g: T + U, we define their composite g of S --j U as the partial map with kernel f-l(g-l( @a>) and (g of)(x) = g(f(x)) for x E s -f -l(g-l( ia )).
Let Proof Assume first that f satisfies conditions (i) and (ii), let F be a flat of Y, and E = f -l(F). Suppose x1 , x2 are two distinct points of E and that A is the block of X with {x1 , x2} _C A. If 1 f(A) I < 1, then either f(A) = $J L F or f(A) = {f (xl)} _C F, and in either case A Cf -l(F) = E. If I f(A) I > 1, then f is one-to-one on A, by hypothesis, and hence f (xl), f (x2) are two distinct points of F. By (ii), there is a block B of Y such that f(A) C B. Now the block B contains the two distinct pointsf(x,), f (x2) of the flat F and hence B _C F. So f (A) C B C F, whence A _C E = f -l(F). This shows that E is a flat of X and hence that f is indeed a morphism.
Conversely, assume thatf: X+ Y is a morphism and let A be a block of X. If f is not one-to-one on A, then there exist two distinct points x1 , x2 E A such that i{f(x,), f (xz)}I < 1. The set F = (f(xl), f (x2)} is either empty or a singleton and hence is a flat of Y. Since f is a morphism, f-'(F) is a flat of X, and this flat contains the two points x1 , x2 of A.
Consequently A _C f -l(F), and then /f(A) 1 < 1. Thus if condition (i) is not satisfied, then f is one-to-one on A. And in this case, the points f (xl), f (x2) lie in a unique block B of Y. The flat f-l(B) of X contains the two points x1 , x2 of A and hence contains A, i.e.,f(A) C B. This complete the proof.
In view of 7.1, it is particularly easy to see that the composite of morphisms is a morphism and that the restrictionf 1 Sofa morphismf : X-t Y to a subset S C X is a morphism of the PBD S into Y. In particular, since the identity id: X+ X is a morphism, the insertion map i: S -+ X is an entire morphism for any SC X. Another example of a morphism is furnished by breaking up blocks. If (X, g) is a PBD and for each B E g, (B, Q!J is a PBD, then, as in Theorem 5.1, (X, a) is a PBD where cf! = us& Or, . From 7.1, it is immediate that the identity id: X+ X as a map from the PBD (X, 02) into (X, ~3) is a morphism. This observation proves the remark made after 5.1: If F is a flat of (X, g), then F is a flat of (X, a). Conversely, assume that a morphism f has the above property and let E be a flat of X. Let y1 , yz be two distinct points of f(E). We select two points x1 , x2 E E such thatf(x,) = y1 ,f(x,) = y3 . If A is the block of X containing {xi , x,}, then A _C E and hence o)r , vz} Cf(A) Cf(E). Butf(A) is a block of Y, necessarily the unique block containing (vl , yz}, and it is contained inf(E). This shows thatf(E) is indeed a flat.
A consequence of 6.2 is 7.3. PROPOSITION. Let S be a subset of a PBD X. Then the insertion map i : S 4 X is an open morphism $f S is a flat.
An isomorphism is a bijective (in particular, entire) open morphism. By the k-line, k 3 2, we mean the PBD (Zh, {Z,}) or any PBD isomorphic to it. There is a canonical entire morphism from a GDD (i.e., the canonically associated PBD) with r groups into the r-line. Namely, if X = (X, {G, , Gz ,..., G,), a) is a GDD, then the map f : X ---) Z, , defined byf(x) = i iff x E Gi , is a morphism. If 0 is a point of a PBD X, then there is a canonical morphism from X with kernel {O} onto the r-line, where r is the number of blocks containing 8, defined as above on the dispersion X, .
If X is any PBD, then the partial map v: X+ @ defined nowhere, i.e., with kernel X, is a morphism. If F is any flat of X, then the partial map cp: X-t (0) with kernel F and y(x) = 0 for x t$ F is a morphism. Let w be a weighting of (8) . A necessary and sufficient condition for the existence of a pre-image of (8) Let Q! be the class of those blocks of X which are contained fully in Z but meet each set G, , y E B, in at most one point. We now claim that (Z, {G, 1 y E B, G, # a}, GE) is a GDD. Note that it clearly has group type (w(y) I y E B, w(y) # 0) and block sizes from K. Two points in the same group G, are surely not contained in any block of 02 and, since Xis a PBD, surely no two points belonging to different groups can lie in more than one block of GE. It remains only to show that there is a block of @ containing two points x1 , x2 from different groups, say x1 E GU1 , x2 E G,* . Now there is a unique block A of X which contains {x1-, x2}. Since x1, xz belong to the flat f-l(B) = Z u F,, , we have A _C Z u FO. If A contained a point xs E FO, then A would be contained in the flat f-'(~1) = G1 u Fo 3 since (x1 , x3} C GU1 u F,, , but this contradicts x2 E A, x2 $ GV1 . Thus A is contained completely in Z. If A contained two points of some group G, , A would be contained in the flat G, u F,, of X, contradicting our assumption that x1 , x2 lie in different groups. Thus A E a. The necessity of conditions (i) and (ii) is now established.
Conversely, assume that (i) and (ii) hold for some given d, w, K. For each y E Y, let X, be a set of u(y) points, and let E be a set of d points. (See Fig. 3.) We take the sets X I , .r E Y, and E to be mutually disjoint. Put (Y, a) , we may construct a GDD (uyes X, , {X, I y E B, X, # a}, OZJ with block sizes from K, by our hypothesis (ii). Finally, put @ = a,, u Uypy G&' u lJBEl G& . The design (X, GQ has block sizes from K; we claim it is a PBD. Assuming this for the moment, define the partial map f: X-t Y by declaring E to be its kernel and defining f(x) = y iff x E X, , for x E X -E.fmaps a block of Cpc, into 0, a block of CK, into {JJ>, and maps a block of MB one-to-one into the block B of Y. Thus, by 6.1, f will be a morphism, and f has deficiency d and type w.
Let a and b be two distinct points of X. Case 1: {a, b} C E. Here a and b are contained in a unique block of a,,. They do not lie in any block of any flu' since E is a flat of (X, U E, Or,) and aV' consists of those blocks not lying in E. The blocks of each OZB are disjoint from E. Thus there is a unique block of OT containing {a, 6). Case 2: a E E, b E X -E. There is a unique y E Y for which b E X, . Then {a, b} is contained in some block of (X, v E, aV) there is a unique block B of Y containing (y, , yz} and since a, b belong to different groups of the GDD (lJUEB X, , {X, # o, y E B}, cX'~), there is a unique block of ~2~ containing {a, b}. Once again, it is easily verified that no other blocks of GZ contain {a, 6). This sketchy enumeration concludes the proof.
If F is a flat of Y in the above situation, then since f is a morphism, f-l(F) is a flat of X of order d + CYBF w(y). The above construction contains far more information and possibilities than we have mentioned in the statement of Theorem 7.1 and we shall return to it below. For ease of description, we refer to a PBD together with a weighting as a recipe, and the GDD's and PBD's with flats, as in (i) and (ii), as ingredients. Loosely speaking, 8.1 asserts that a pre-image exists iff the ingredients called for in the recipe exist.
Let f : X + Y be a pre-image of Y. We call a flat F C X a section of the pre-image ifff 1 F: F--f Y is a bijection. If F is a section and Y has a flat E of order II, then X also has a flat of order U, namely, F nf-l(E).
Iffis an open morphism and F a section, then f / F is an isomorphism and we may think of Y as being imbedded in its pre-image X. 
Proof.
We use the notation of the proof of 8.1. For each y E Y, let e2/ be some distinguished point of X, . We now use ingredient GDD's (lJyEBXy , {X, 1 y E B}, CZJ which have transversals and there is no loss of generality in assuming that (0, / y E B} is such a transversal. Then f is bijective on F = {e, 1 y E Y}. If a block A of the constructed PBD (X, a) contains two points eV1 , eU2 of F, then A must belong to Q& where B is the block of Y containing {yl , yz}. But (0, 1 y E B} is a flat of the ingredient GDD corresponding to B and hance A _C (0, I y E B} CF. Thus F is a flat of X and so is a section of the pre-image f : X-+ Y. Proof.
In 9.1, we take m = k -1, d = 1. By Lemma 6.3, k -1 E OA [k] . A section of the resulting pre-image is the desired flat.
In Section 4, we mentioned the uniqueness of a flat of order 9 in a (19, 3, I)-BIBD. Since as is well known 9 E B [3] , the corollary asserts that such a BIBD does exist. We also discussed flats of order 9 in a (21, 3, l)-BIBD. Let Y be the 3-line and weight all points of Y with m = 6 and put d = 3. By Lemma 6.3, 6 E OA[3] . Also, 9 ~fi(~} [3] . By Theorem 9.1, we construct a pre-image f: X-t Y where X is a (21, 3, l)-BIBD. The three flats f -l(y), y E Y, have order 9 and any two intersect in the kernel off, a flat of order 3.
We apply 9.1 to the case k = 6. In every case below, the necessary ingredient GDD's are furnished by Lemma 6.3 or 6.4 ; the necessary elements of F{,) [d] by the list in Section 2 or by designs previously established. The following values of w belong to B[6]: 9.2. PROPOSITION. A PBD X is connected ifs for any two points x1 , x2 E X there is a sequence Bl , B2 ,..., B, of blocks of X with all 1 Bi 1 2 3 such that x1 E B1, x2 E B, , Bi n Bi+l f @ for 1 < i < n.
Proof. If X = Fl u F, is the union of two non-empty disjoint flats, then any block B of X with / B 1 > 3 must meet one of Fl or F, in at least two points and hence is contained in either Fl or F2 . Then we surely cannot connect points x1 E Fl and x, E F2 by a sequence as above.
Conversely, assume X is connected and let x E X. Let F be the union of {x} and the set of points y E X which can be connected to x by a sequence of blocks as in the statement of the proposition. If a block B of X with j B j 3 3 meets F, then it must be contained completely in F. From this it follows that both F and X -F are flats of X. Since F # n and X is connected, F = X, i.e., every point y can be connected to x.
Remark. Iff X + Y is an entire morphism onto Y and X is connected, then so is Y. and such that there is some zi E B, n Bi+l , 1 < i < n. By our above remark we conclude w(y,) = w(z,) = w(zZ) = . . . = w(z,-~) = w(y). Thus for each y E Y, w(y) = w(y,) = m(say), i.e. the pre-image is uniform.
Iff is entire, then X has order CVEy w(y) = m 1 Y 1, and m is the order of any flatf-l(y) of X.
Remark. In view of 9.2, every (v, k, l)-BIBD with k 3 3 is connected.
MORE APPLtcATtoNs
Recall that Rk = {r / r(k -1) + 1 E B[k]} is the set of replication numbers of (v, k, l)-BIBD's. 10.1. THEOREM (Hanani) . Rk is a closed set. Indeed, given a (v, RI, , l)-TheGDD(Y,{F~,F~~u~{y}/y~Y-(F~UF~;,)},~-(~IF~U~lFF,)) has group type 2{31} + 124(l) and block size 6.
The projective plane over the finite field with 125 elements is a (15751, 126, l)-BIBD, say (Z, 9) . The set Q of points of a non-degenerate quadric is a set of 126 points, no three of which lie in a single block. Given n, 0 < II < 126, select a set NC Q with 1 N j = n. As a recipe we take the BIBD Z and we define the weighting w by w(z) = 31 if z E N, w(z) = 1 if z E Z -N. After noting that 1, 3 1 E F(6) [O]r we see by 8.1 that we can construct an entire pre-image with block size 6 iff for each block C E V we have the necessary ingredient GDD's. But each block C contains at most two points of N and hence the list (w(z) / z E C) is one of 126(l), 125{1} A-(311, 124(l) + 2{31}. And GDD's with these group types and block size 6 do in fact exist. A pre-image of type w, deficiency 0, has order CzEzw(z) = 15751 + 30n. Letting n run through 0, l,..., 126 proves the proposition. A weak morphism is a partial map f: X--f Y such that, for every block A of X, either I f(A) j < 1 or there is a block B of Y such that f(A) C B. A partial map between GDD's will also be called a weak morphism if it is a weak morphism when considered as a partial map between the canonically associated PBD's.
WEAK MORPHISM& CONSTRUCTION OF GDD

GDD COMPOSITION THEOREM. Let w be a weighting of a GDD
